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A mathematical theory of the steady/equilibrium approximation for first-order reactions is presented. This gives the
theoretical basis for the methods of simplifying the complex first-order reactions described in the preceding work. The
steady /equilibrium relation holds on every fast component after a proper inducation period T°. T° is either of O(1) or less, or
nearly of O(1l/¢) depending on the reaction scheme and on the initial condition but is always less than O(1/¢) (as in the
preceding paper [1], we use the symbol O(1) to denote a positive number of the order of unity). In the open group, the
determinant of the submatrix M, representing the interconversion between the fast components in the group and their
dissipation, is of O(1). The concentration of the fast components in the open group can thus be expressed as a linear
combination of those components neighboring the group after the establishment of a steady/equilibrium relation, and can be
eliminated from the reaction scheme leaving the pathway through them. On the other hand, in the closed group the
determinant of M, is of O(e) or less and the components in the group are in quasi equilibrium with each other after 7°. They
are eliminated from the reaction scheme leaving the sum of the components in the closed group as a slow component.

1. Introduction

In the preceding paper [1], we presented methods of simplifying complex first-order reactions by the two
approximations: the steady-state approximation and the principle of fast equilibration (both were collec-
tively denoted by the ‘steady/equilibrium approximation’), without detailed mathematical proof. Here we
present the mathematical theory of the steady/equilibrium approximation in a first-order reaction (or
Markov process with discrete states). This clarifies under which conditions the two approximations hold
and gives the foundation of the methods for the application of the two approximations.

First, we describe the formal solutions of the rate equation and roughly explain why every fast
component can be put equal to zero to a good approximation, but detailed examination of the conditions
under which the steady/equilibrium relation (cf. eq. 4 in ref. 1) holds is presented in appendix A and B.

Next, we deal with case where only open groups are included in the reaaction scheme and finally discuss
the case where both open and closed groups are included.

2. Results

We treat in this work a general first-order reaction scheme consisting of n components. The fundamentat
assumptions, definitions and notations concerning this reaction scheme are the same as those in the
previous work [1].
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We neglect throughout this work accidental cancellations or reduction of order of magnitude caused by
assigning special values to the rate constants.

The rate equations of a first-order reaction are given in matrix form as

d
Lx-ox 0!

Column vector x in eq. 1 is expressed as

and n X n matrix @ is given as

k. Kizs---s ki, Kiretsos Kin

Q= krl' er"' . krr kr.r+l ~~~~~ krn
Lr+l g Ar-@-l 2o kr+l.r kr+|.r+l"' v kr+l.n
ke Kpzoeens ko, Kppayee-ns Ko 3)
ekqy. €Kiaenen €k, [ R Kin

_ fekn. €kly, ...t €k, Kepwtr--os L
€kiiqae €kiiyae €kl | Ksqrrees Kpsaa
ekly.  eklpee,  ekle | kpe k.,
In the second representation of Q in eq. 3 we put
Kk, =e¢k;, (j=l...mi=l...r) 4

where &, , , , and newly defined constant &}, (i=1,...,r;j=1,....n; p=1,...,m) are all of the order of
unity or less. The matrix @ is convenientiy partitioned as shown by solid lines in eq. 4 and is represented by

2. | 2.
o= il 5
( Crer Q,.,,.) )

The exact solution of the rate equation, eq. 1, is given as [2,3],

h=1

x(r)= ( Zn: e""'A”")x(O) =x(oo)+( i e""'A””)x(O) (6)
h=2

where A, (h = 1,.._, n) are the eigenvalues of Q@ obtained by solving the secular equation,
I —AE|=0 9

where E is a unit matrix, and A; =0 and X, (A= 2,...,n) are in general real and negative under the
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fundamental assumption that the principle of detailed balance holds on each reaction step. We assume here
that the eigenvalues of @ are not degenerate.
The projection matrix 4 is given by the eigen-column vector m**’ and eigen-row-vector n'") of @ as

A(h)=m(h)n(h) (8)

where m*? and n‘®? satisfy

L) ey p —_ 81:/
Om'™ = A,m™ )
amQ =A™

From the above, the following relations hold on 4% [2,3],

At g = AW
AN 0 (h=f) (10)
(Q—AE) A = AM(Q-N,E)=0
As shown later, among n — 1 nonzero eigenvalues, A, (A= 2,..., n), some are of O(1) (large eigenvalues)
and others of O(¢) or less (small eigenvalues). We assume that there are b small eigenvalues (A,,..., A,,
including A; = 0) and » — b large eigenvalues (A, ,..-,A,). The number b is determined later.
From eq. 6, we obtain,

n

b
x(1)= 2 M x(0) + 3 eMax(0)
B~ S=b+1

(1)

b n
L ()= T Ae™a™x0) + Y AeMahx(0)
de B=2 f=b+1

The second terms in eq. 11 can be neglected for time z (r > T. T = QO(1)) on this time scale, because of rapid
damping off of the term e (f=b+1,....n) (when e’ = ¢, t = In(1 /e) = O(1)).
That is, for ¢t > T(T = O(1 /X ;) = O(1), f=b+ 1,...,n)

b
2. Mux(0)

x(z) =

he=1i
d b (12)
¥ = > Aueriatin(0)

fo-2

and

b
Idix,!=l 3 Anerr(4ax(0)),
t h=2

b
S plmaxs 20 1€ (4%x(0)) ] (i=1.....n) (13)
-1
If reduction of order of magnitude by cancelling out between the terms e**(A"’x(0)); (k= 1,..., b) does
not occur, x,(z) is of the order of the maximum term in e**(A4‘"x(0)); (A= 1,...,5) (and thus, of the

order of X2 _,|e*(A4"x(0)),]). Thus, for the fast component X, (j=r+ 1,...,n),

S A lmax 2, (O] =< [k, |- 2, ()] (14)

4d
dr ™
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because [A ;| ,.x < O(€) and k;; = O(1) for the fast components.
If the reduction of order of magnitude occurs for a fast component X, by summing the terms
e?(AMx(0)),, then

&

Z lg,x,.:(A(h)x(o))jl .

h=1

L4

S A (A®<(0)) f=Ix,(r)] (15)

ho=1

and eq. 14 may not hold on the fast component X; at = O(1). Such cases may occur when the
concentrations of a group of fast components, x;(r), at £ = O(1) are much smaller than their maximum
values. Detailed discussions of these cases are given in appendix A and B.

As verified in apperdix A, for every fast component X, (even in the cases when eq. i5 holds at 1 = O(1)),
the following steady/equilibrium relation (eq. 16 or 17)

l%xl(t)l= Z k%, (1) «Ikuxl(’)l (16)
=1
d
Iﬁxl(t)lsO(:)xl(l) a7

holds after a proper induction period, 7° (7° < (1 /<)), which is small compared to the total reaction time
span from the start to equilibrium. We denote hereafter the induction period after which the steady/equi-
librium relation holds by 7°. When the above steady/equilibrium relation holds on X, X, is either in a
quasi-steady state or in quasi equilibrium with some neighboring components or in both. The definitions of
quasi-steady state and quasi equilibrium were given in ref. 1.

The steady/equilibrium relation (eq. 16) shows that to put

N VRTi > k,x,=0 (j=r+1,...m) (18)
=1
or
d
Y = Cmr X T Py =0 (19)
is a good approximation for ¢t > 7", in order to obtain x; (j=r+ 1..... n) as a linear combination of x,

which are directly reacting with x,. We denote this approximation by steady/equilibrium approximation.
This is proved as follows. The steady/equilibrium relation is rewritten as

d l .
Y= Y k,x,=c,x, (j=r+l.., n), (20)

t=1
where
oI =10(e)k 1 @n

Solving eq. 20 with respect to x,, we obtain

—1 i ( <, )
x, = k,x,=|1+-———1}]x,, 22
4 k”—c, ';l s k,, ’ (22
-7
where
o _ -1l 5
f=7— X kux (23)
2 -1
(=)

is the true steady-state or equilibrium value of x, obtained by solving eq. 18.
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From eq. 22, we obtain the relation,
Wx,— %) /%=1, /k; | =O(¢) (24)

Eq. 24, which is equivalent to the steady/equilibrium relation (eq. 16), shows the accuracy of the
approximation (eq. 18).

Eq. 18 is equivalent to, neglecting small A, (A= 1,..., &) in the jth row vector (j=r+ 1,...,5) In eq.
10,

((2—XE)ya™), = (QaW) ;=0 (h=1,....b;
J=r+1,....n) (25)

By substituting (@4”), =} into the equation obtained by multiplying Q from the left-hand side of the
upper equation of eq. 12 and from eq. 1, we obtain eq. 18 for ¢ > T°,

In this way, the steady/equilibrium approximation holds on the fast components for the larger part of
the reaction time course to equilibrium after a comparatively short induction period T°.

In order to obtain the large (of O(1)) and small (of O(¢) or less) eigenvalues separately and introduce the
approximation easily, @Q,,,, is reduced to the following ‘reduced’ form with regard to the thick arrows by
rearranging the components;

[oM)]
(26)

where M, (p=1,..., k) are ‘irreducible’ submatrices corresponding to each group of fast components.
When group A is the upper group of B, M, corresponding to A is placed to the upper left of My
corresponding to B. The lower left part in eq. 26 denoted by [O(¢)] contains the matrix elements of O(¢) or
less (including zero), and the submatrix M, (p=1,..., k) and the upper right part denoted by [O(1)]
contain matrix elements of O(1) or less than O(1).

The solutions of the rate equation (eq. 1) are examined separately in the following two cases.

2.1. When all the groups of fast components are open {||Q,, .|l = O())

When the steady/equilibrium relation holds on the fast components in the open group, they are in a
quasi-steady state or in quasi equilibrium with some neighboring components or in both [1].

We show that the molar fraction of each fast component in an open group can be expressed
approximately by the linear combination of the components not contained in the group at ¢t > 7° and can
be eliminated from the reaction scheme without disturbing the mass conservation law (X, x; = I; x; are the
remaining components). Here we deal with the case when all the groups are open.

We denote the fast components belonging to the open group G corresponding to submatrix M, in Q,.,.,
as Xyseeos Xguge

The true equilibrium concentrations of the fast components belonging to the open group G are smaller
by a factor € (or less than €) than those of the components X, which do not belong to G and on which thick
arrows from G terminate, because

Xg+1{®) Kaire -
x,{e0) N keoass =0(e) (1=0.--8) (27)
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where x_(c0) is the equilibrium molar fraction of X ..

The fact that at least one thick arrow originates from fast component X ,,, (0 =/ < g) belonging to G
and is directed toward another slow or fast component X (1 < v < d — 1) not belonging to G means that
there is at least one rate constant &k, ,,, (1 cv<d— 1) of O(1) and — (X5 ok, ;04 )= O(1) for at least
one X ,,,(0 </ < g) and so we can show that,

AL,) = O(1), (28)

where ||M,]| denotes the absolute value of the determinant of AM,. Because all the groups of fast
components are open, all the |[M, || (p=1...., k) are of O(1) and thus

H@pmmll = O(1). 29

The approximate values of the large eigenvalues of @ of O(1) are obiained by neglecting terms of O(¢)
or less in the secular equation (eq. 7), i.e.,

1@ = AE|=(=2X)""|@mm — AE}=0. (30)

We obtained m (= n — r) real and negative eigenvalues of O(1) from the above (b =r in egs. 11-13). Eq. 30

is approximately written as

(—A) -|M, — AE|-|M, — AE|-|IM, — \E|=0. (31)

This shows that the large eigenvalues of O(1) can be obtained separately from each secular equation,
IM, ~AE[=0 (p=1.....k) (32

The r — 1 small eigenvalues of the secular equation (eq. 7) (one eigenvalue is zero (= A,;)) are of O(¢) or
less.

It can be shown that the approximate values of r — 1 small eigenvalues are obtained by neglecting all A
in the submatrix (Q,,,,, — AE) of the secular equation (eq. 7). It is equal to solve,

IW(A)=0 (33)

where

O..—AE| 0,
W(A)= _{_ 34
( er Qmm ) ( )

Let us assign r — 1 small eigenvalues of O(e) or less to A,,..., A, and m large eigenvalues of O(1) to
Aitree-a A, (b=rinegs. 11-13).

After a proper induction period 7°, the steady/equilibrium relation holds on all the fast components.
When X, , belonging to an open group G is in quasi equilibrium with some components, X, at least one
of them satisfies the following condition (a or b): (a) X, belongs to G and is also in a quasi-steady state; (b)
X, does not belong to G and a thick arrow is directed to it from G.

Simplification of the reaction scheme by applying the steady/equilibrium approximation to the fast
components is done as follows. At ¢t > 7°, we apply the steady/equilibrium approximation to (g + 1) rate
cquations for the components X ;_, (/=0,.... g) belonging to an open group G and we obtain,

d n n
e leer= Z, K gvtXavr+ Z Kavp,x, =0
-1 -1
(:old+l) (.-'-d+l)
(I=0.....g) (35)

Since ||M, || = O(1), we can solve them with respect to x,,, (/=0..... g) and obtain them as a linear
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combination of x; (which are not contained in G but react directly with G).
By repeating the same procedure on every open group and summarizing the results, the fast components
in open groups can be solved as a linear combination of the slow components: i.e., we obtain from eq. 19,

y=—0..0.x. (36)

where the existence of Q! is evident from ||@,,,.,.|| = O(1).
By substituting eq. 36 into the upper half of the rate equation (eq. 1), we obtain

d
aixr = 0,x.+0,.,vy=0.x,
37
where G
0], = 0,-0.,0..0..

Eq. 37 is the rate equation of the reduced first-order reactions between the slow components, X,,..., X,,
after application of the steady/equilibrium approximation. The apparent rate constants between the slow
components X; and X; in the reduced reaction scheme, &, ;, are given by the matrix eiements (Q;,),; which
are of O(e) or less. The matrix Q,, represents direct interconversions between the slow components.
—COrin O, gives the apparent rate constants of interconversion between the slow components through
the eliminated fast components whose matrix elements are given as

(_Qer;nanmr),] Z Z (QrM):k‘Q (er)l]

k=11m}

(38)

where (@, ),, is the (i, j) element of the matrix @, and Af}'™ the cofactor of matrix element (Q,,,,,) ;.- The
obtained conclusxons about the reduced reaction scheme are as follows. If both slow components X; and X,
are directly reacting with the fast components belonging to the same group G corresponding to M,
(p=1,..., k) or if they are reacting with the fast components belonging to a cluster of groups, the matrix
element (—Q,,"Q;,',,Qm,),-j is not zero. In a cluster, open groups corresponding to M,,....M,, , are
connected with each other in some way by the thick or thin arrows. In all other cases, i.e., when there are
other slow components in every route connecting X, and X 4. (— 0,010, ), ;=0.

The concentrations of the fast components in open groups at quasi-steady state or at quasi equilibrium
are of O(e) or less, because in eq. 36 elements of @}, 0,,, and x, are of O(1) or less, of O(¢) or less, and
of O(1) or less, respectively. Thus, the mass conservation law of the reduced reaction scheme between the
slovr components holds approximately.

When the initial concentrations of some fast components in an open group G are of O(!), the induction
period 7T° for the components in G is of O(1) (cf. appendix B), and almost all the mass in ‘G is transferred
in a definite manner to the components not belonging to G on which thick arrows from G terminate,
within the induction period T°, as shown in appendix C. This gives the initial condition of the reaction in
the reduced scheme.

In this way, we can eliminate m fast components in the reaction scheme, leaving the reaction pathway
through them in general, and can obtain a reaction scheme consisting of r slow components only. The
simplified reaction scheme described by the rate equations (eq. 37) may sometimes be further simplified by
applying the steady/equilibrium approximation again.

It can be shown by transforming eq. 33 to the next secular equation (eq. 39), that to solve the secular
equation,

10/, —AE|=0 (39)

for obtaining the relaxation rates, —A, (A= 1,...,r), of the reaction described by the rate equation (eq.
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37). is equivalent to solving the secular equation {eq. 33) for obtaining approximate values of small
eigenvalues.

2.2 When there are closed groups of fast components (W2,.mll < Oe}j: Appearance of the princivle of fast

PSR

equilibravion

We show here that the principle of fast equilibration holds on the fast components belonging to a closed

group. Here we deal with the case in which there are both types of groups, closed and open. In this case,

the steady /equilibrium relation (eq. 16) also holds for every fast component at z > T°, but we cannot deal
with them in just the same way as in section 2.1,

We denote m — s fast components belonging to closed groups as X, . ,,.... X, .. and 8 fast components
belonging to open groups as X, .. qre-.s X .-

The submatrix @, is also reduced to the form of eq. 26 in this section. The fast components belonging
to a closed group G corresponding to the submatrix M, are denoted by X ..., X, , in the same way as in
section Z.1. Because the matrix elerpents &; 4, (f=1L....d— I, d+g+ 1 ... .0 {=0,...,g)are all of O(¢)
orlessand X5 &, 4, ;=0 =0,....8) Bf Kk yuiued S0(€) ({/=0...., g) and so for closed groups,

WMU < O(e) (F=lohhzl),

and thus, 1@, ={M,] - - - [M, ] < O¢). The submatrices corresponding to closed groups are placed at the
head of @,,,, and those corresponding to open groups and satisfying IM )] = O()) {s=/k+ 1..... k) are at
the tait of Q,,, ...

Since (M| & C(e), x5 (/=0,..., g) cannot be obtained as the linear combination of x; only (X, are
the components neighbering G). Tms is explained as follows. We eliminate x,, , in the rate equations of
Xirreos X pip—y by applying the sicady/equilibrium approximation to X 4+¢ and obtain g rate equations
not including x ., .. If g> 1, the coefficient of x,, (/=19,.... g~ 1} in the resultant rate equation for X,
is of O{1) and the steady/equilibrium approximation holds again. Thuos, we further apply the above
procedure and eliminate x,, ., in the rate equations for X;,..., X, ._,. Repeating the above procedure
we finally obiain the rate equation for X, not including x,, ;5. .., X 4. .. This time, the coefficient of x, is of
O(¢) or less because M, ]} < O(¢e) and x, cannot be obtained by puiting the rate equation for x,; equal to
zero.

By applying the steady /equilibrium approximation to the g rate equations for X, . .«» X yo g, We can
obtain x, . ..., Ky 85 the linear combination of x, (X, are the components neighboring G) and the sum
of the components in G, L. x,,, This is done as foHows. Rate equations for X, ;,.... X, are
transformed to the following form by replacing x, by the sum of the group, X% o1 .,

X Z kyx, = Z kx4 ktd( X »’C.n»z)

(403

a1 o O
o4 g ”
+ Z: {k:} - krd)xl + Z krlxi (:‘«,.»d} (‘”}
FRECA T g}

We denote the matrix whose (L7} elememts are, Ky, gor = Kys 0 (L8 = 1,.... g), by M}, to which the fast
components, X, ,.... X, ., correspond.

Kesraet = Fgvrar Eyvrgez = Kaotag v Kapstgen —Keera

kd’-‘l.das 1= Kge2an
ALy = (42}

o v

kd+x.d»l "'kd*-x..l wraan S g.drg k‘,. X
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The diagonal element, & ., 4., ~ kg0 (/= 1,...,8), which is the coefficient of x,,, (f=1,...,g) in the
rate equation of X ., in eq. 41, is of O(1) and X, ..., X, . are treated as fast components. The
dimension of MY is g and (| M{{ = O(1) (in contrast to ||M,}} < O(e)) because at least one of the sum of the
column, X&_, (kyirgeir~ ko) (F=1,...,2), is of O(1). (because LF.o k. ;4. < O(€), and at least one
of d ., 15 of O(1)). Thus, at ¢ > T, we can apply the steady /equilibrium approximation to X 4, 1,..-. X 4,
and obtain x,,, (/= 1,...,g) as the linear combination of x, and ¥§_, x ..

Moreover, at t > 7°, we can neglect termns smaller than the largest terms by the factor € or less using eq.
Bl, ie,

KgoriX, < xgye; (I=0,,g5i=t, . d~1d¥+g+1..., n) (43)

for closed groups (cf. appendix B) and thus,

Xas1 } kgvr.a z Xa+y

T;'!? : =1: Y xpa+agrl e =0 (44)
. : = N
xd*g} kgrga | Xd+g

The accuracy of the principle of fast equilibration is not changed by the neglect introduced into eq. 44. Of
course, eq. 44 holds also at true equilibrium, so it can be solved for x,,, ({=1,...,g) in the following
form:

X, k K
d-+ 1 a+i.d 2 d¥1 2
: = —Mryt Y xgai=1: PMET (45)
N : =0 : f=0
Xarg Kasga Koy

where K, ., (I=1,...,g) is the proportion of x,,, to L¥ , x,,, at true equilibrium. Eq. 45 shows that
(g+ 1) components, X, ., (/=0,...,g), which belong to a closed group and corresponding 1o the
submatrix M, in @, (|M/{| £ O(¢)), attain quasi equilibrium at ¢ > T°.

On the other hand, by summing up the rate equations for X,.... X, ., the rate equation for the sum of
Xyr-e-sXgigr 24mp Xg4» IS Oblained as

d 2 \ 5 oq d~1 fd+g .
'é';( Zoxdw)” 2 G A= IR DD "u)x/
= 1]

-0 F=V\i=d
d+g g
+( > k:d) Z Xgs1
i=-d 1=90
d+g d+g A
+ Z ( 2 (ku_kid))xl
g~d+1\ i~d
n d+g
+ 2 { 2z k,,-)xj (46)
FmdArg+ri \si=d

By introducing eq. 45 into eq. 46 and into the rate equations for X,,..., X, ;. X . 4 y,.-., X,,. trans-
formed into the form of eqg. 41, we obtain the simplified new set of rate equations corresponding to the
reduced reaction scheme containing the components x,,..., X .1, X4y g4 12---+ X, and £ 4 x4, ,. The mass
conservation law holds in this scheme.

In eq. 46 the coefficient of the sum of the elements in G, Tf_y x ., is of O(e) or less because rate
constants of O(1) are cancelled and it can be treated as a slow component.

When all the closed groups are in quasi equilibrivm at ¢> 7° (7° < O(1 /¢)), we apply the above
procedure to all the closed groups. This is done as follows. One component X, in every closed group
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corresponding to the submatrix M (= L,..., &, ({M;{{ < O(<)) is replaced by the sum of the components in
the group. SR5 x4 ry4 1 and every rate equation except for Xy (f=1,..., 4) is changed to the form of
eq. 47,

d - n e 0
Q5= Z kX, + 5: (kn,dzl)} }: Xz fy s
] f=~1 I=~0

A &)
S D I CAPPNE TS LT
Fowrl I
n
+ Y kx, {i=lo..randr+h+le.n) (47)

Foa—s+1

The rate equations for k& sums of the components in / closed groups are given in eg. 48
&L

3

e Z X £

d((,‘..ﬁ it f3 l}

r B(S¥
= Zx( E }"d(nﬂ.;}"z
=

{=0

& Figa] =26y
+ z Z K preracss E Eagpyar
-0

Il D

& RO RO

+ Z, 2 zz (Kt pyatttrsee ™ Fapvra Y Xaer
el r=1ien

»r =S
+ N ( Z kdc/)ﬂ.;} %, {f=1...hH) (48)
o

P R S

WHETre X 4 /yen o s Xucpyvqcr, 7€ the fast components belonging to the closed group corresponding to each M;
(/= 1,..., k). Because h coefficients of T/ x, ., in their rate equations are of O(¢) or less, the sums are
treated as slow components. And thus, the % rate equations (eq. 48) for sums of ) closed groups are placed
in the row from r + 1 to r + 4 in the following matrix form of the rate equations (eq. 49) in which the rate
equations in the form of egs. 47 and 48 are contained:

d {x of ¥ (49)
dr()v*) =Q e
where
7%y
{ -
5
&I} i
x .
st Z:O g, yr={: s0)
N Yo
gAY
Z Saay et
-0
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where m — h elements yf¥,_,,...,y* are the molar fractions of fast components obtained by omitting one
component, X, ,,, from each closed group corresponding, respectively, to M, (f=1,..., h).
Thus, O* is expressed as

0= u | [0()]; [0()]] [0()], [0(D)]
P s_\”Logezl L[om)| M+ [o()]
[0()]1 [0l [o(e)]r a1

rl r+h n—sl
i FQ:, ' [O(e)lL[O(e)]' [o(n)]

wr+hi x

E,,,,,/Q,,- | o 51y
\en ! onn

where QF is the (r + i) X (r + h) submatrix, whose elements are all of O(e) or less. In eq. 51, the numbers

of rows and columns are shown on the outside of the matrix @*. Q% is the (m — 1) X (/m — h) submatrix,
given as

My [0(e)!

______________ (52)

where M* and M are the submatrices of Q,,,, in which M, (f=1,...,h) and M  (s=h+1,..., k) are
contained, respectively. ||M¥|| = O(1) and thus,

1221l = O(1) (3)

QF,. and QF, are (r+h)X(m—~h) and (m— h)X(r+ h) matrices, respectively, and the orders of
magnitude of their elements are shown in eq. 51, which are a little different from those of the elements of

0,,, and Q,,, given in egs. 3 and 5.
In spite of some difference between Q,,, and @,,,, and those of the matrices denoted by an asterisk, O},
and Q%*,, we can proceed in almost the same way as in section 2.1. The eigenvalues obtained from the

secular equation
|@*— AE[=0 (54)

are the same as those obtained from the original secular equation (eq. 7), because the relation |Q* — AE|=
[Q@ — AE]| is obtained by adding and subtracting properly rows and columns of the determinant |Q — A E]|.

The approximate values of m — & large eigenvalues of O(1) and of r + 4 small eigenvalues of O(¢) or less
are obtained from

10%,. —AE[=0 (55)

and

IW(A)=0 (56)
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respectively, where

B (A) = (%) €x))

The orders of magnitudes of the molar fractions of the elements in closed groups are of O(1) or less, in
contrast to the magnitudes of elements in open groups after the proper induction period 7°.
Atr>T°,

Yy =05 xr+ 05 y*= (58)

is a good approximation for the fast components, y,, 12---s Vin-
Eq. 58 can be solved for yp* because |QF,,,.| = O(1) as

yr=0*2 0% =2 (59)

By substituting the above into the rate equations for x*, we obtain,

L er—omsr (60)
where
ON =0 — @lmQ* o Crr (61)

Eq. 60 is the rate equation of the reduced scheme after application of the steady/equilibrium approxima-
tion. In x¥, the sum of the components in every closed group corresponding to M, (|M,] < O(e),
f=1,..., ), for which the principle of fast equilibration holds, is involved as a new slow component (cf.
ref. 3). So the mass conservation law holds.

The above procedure gives a unified treatment of both the steady-state approximation and the principle
of fast equilibration. However, a more simple and practically more useful expression of the matrix is
obtained instead of O* when the coefficients of eq. 44 are used for the rows of O* corresponding to M* (cf.
eq. 44 and also appendix B). This is to put the coefficientsof x; (i=1,...,d— landd+ g+ 1,...,n) in the
rate equations for x,,, (/= 1,..., g) equal to zero.

The matrix elements of @QF are of O(e) or less in the same way as in section 2.1. Thus, further
application of two simplifying principles to the reduced scheme is possible by making use of the difference
in magnitude of the reduced kinetic constants of O(e€) or less, if a difference exists.

3. Examples

We show here examples of the matrix treatment of steady/equilibrium approximation developed in
section 2.
The reaction schemes examined here are those shown as examples in the preceding work [1].

3.1. A reaction scheme (I) containing an open group, which is equal to scheme XII in ref. 1.

..............

X, [y Xt X (1)

This scheme reduces to scheme II after 7° by applying the steady/equilibrium approximation to the fast
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1 X, (o)

components, X, and X, in the open group. The rate equations for scheme I are given as

xy { x1
X3 X3
di X3 [ =0 x5
‘] xe X6
X5 Xz
where
o~ (Q,, 2. )
0.1 On.
—(ky+kq), O, ks 0, k7
o. —kes. O ks 0
= | &y, 0, —k| 0, 0 .
0. kess 0 |_(k26+k76)v Ko7
ks o, 0 K6+ — (ki + kg7)
— (ko + k . k
R S R R ’
k6. — (k7 + kgq)

Fast relaxation rates of O(1), —A, and — A, are obtained by solving the secular equation:
1@ — AE|=0.

The rate equation for the reduced reaction scheme (scheme II) is given as,
Xy X3
d
a ( X2 |=Q. | *2 )
X3 X3

Q. =02, 0,00 C0mr

~ k3 —(kaekgrkn/d), kikigkesa/d, ks
Kagkerkn/d, —kyiki5kea/d. O
ks, 0, — ki3

where

d=rkygk;+ kagkes + Kyakas-

273

(62)

(63)

(64)

(65)

(66)

(67)

The apparent rate constants of the reduced scheme (scheme II) are given by the matrix elements of o,

shown above.

3.2. A scheme (111} containing both open and closed groups, which is equal to scheme XX in ref. 1

B A C
= 5T T %

“ (m)
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(X

2

. x5
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(X, - Xg) (I)

This scheme is reduced to scheme IV (scheme XXI in ref. 1) by applying the steady-equilibrium
approximation to an open group A and to two closed groups B and C. The matrix Q in the rate equation
(eq. 1) for scheme 111 is given as,

f(e.| o.
°-(54-2=)

—kn | O X3 0. 0
0 —k3z. Koy 0. 0
~ | ka K3a. — (ks + ko3 + ke3) :' 0. ks (68)
R I L,
0 0. 0 ST 0% Ny SV B S
0 0. 1] ' —kssi O
i . e
0 0, ko3 o i (K36 + kag)
M, 10, 0
__________ 1.0 ke
Q... = 0. o v My oy kg (69)
0. 0 i _;0__
0. ko3 ks | M
— k32, K3
M, = (k — (k3 +hy3+ke3) |
32, (ki3 + ka3 63)
M, - —~(ksq+ kgs)e K (70)
- ksa. —kas )’
My = —(kze+kae)

We make a new set of rate equations replacing x, and x, by (x, + x;) and (x,; + xs), respectively, and

rearranging,
E [ Xy
x; +x3 X5+ X
d Xy + X5 Xg+ X5
art xs =% | « . 1)
£ X5
_1'6 .x(,
where,
or | o
e (22 2
Qi o,
—kqy. Ol 0 ky3. 0. 0
LI o, 0 ~(ky3+Kg3). 0. k36
_ 0. o, —kgs} O _ kes L 72)
k. k3. O Tkt kay ke ki) 10 ke
0. 0. kss 0 1 —(ksq+kas)! O
0. 0. Kgs Ke3e —kes P~ (K36 + Kse)
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! age Y ks
o = L0 (73)
kez» —keat M
Mrl 0
M* —_—— e —
0 1 M3z
My = —(kyz+hkay+kes+ksy) 4
MP= —(ksa+kys) J
M = —(kzg+ k)

The matrix Q* cau further be simplified to @7 shown below without losirg the accuracy of the
approximation, as described in section 2.2 (cf. eq. 44).

ot [ % l o, )
ol ! of.
— kg, 0, 0, kys., 0. o
k3. 0. 0, — (k13 + kg3). 0. kg
0, 0, —k (] Kea- k
_ ” Koa 46 (75)
0, ki, O ~(ky3+ kyy+ kgs+ k3a) 5 0, o
0. 0. kss | O {ZCkastksa)i O
0, 0, ksq» kas’ — Kea |: —(k36+k46)

The reduced rate equation after simplification is given as.
d X4 Xy
3 X+ x3 | =@ 7| X3+ x3 (76)
P\ x4 xg X4+ X5

where,

1o=0r —-er.000el,

kyaks,
s K13y
W kay ks’ °
ki3ks3a ke ok k kegsk
= | % _( 13k32 s6k63k32 ) 64Kas 7
ka3t ksz (ka3 +kia)kie kas+ Kksq
0 kaskesksz _ _keakas
k3g( ka3 +k3p)’ kas+ ksa /

The approximate values of fast relaxation rates of O(1), —A,, —A; and —A, are obtained by solving the
secular equation,

105, —AE}=0 (73)

as k3 + k3o, ka5 + ks, and k¢, respectively.
The apparent rate constants of the reduced scheme (scheme IV) are given in Q}’.
4. Discussions and conclusions

In the present work we presented the mathematical basis for the methods of simplifying the first-order
reaction by the steady/equilibrium approximation, described in the preceding paper [1]. We could
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determine the conditions under which the approximation holds and evaluate the accuracy of the approxi-
mation. "When the steady/equilibrium relation (eq. 16) holds on a fast component, the relative deviation of
its concentration from the true steady-state or true equilibrium value is small: i.e., the steady/equilibrium
approximation is applicable to the component. The steady/equilibrium rclation was shown to hold on
every fast component after a proper induction period T°, which is always smaller than the time of O(1 /¢).

As the elementary system including fast components, let us imagine U, and U_, where U, consists of fast
components belonging to an open group G and the components directly reacting with G (but without
direct interactions between the components not belonging to G), and U, consists of fast components
belonging to a closzd group.

When the reaction scheme consists of only one U, or U, and does not contain other components, the
steady/equilibrium relation is established when the terms with large relaxation rates of O(1) damp off and
77 < O(1) for any initial condition (cf. appendix B). When the reaction scheme is more complicated, 7° is
dependent on the initial condition. In the case where mass is rapidly flowing into one of U, (or U,) from
the outside of U, (or U,) at a time of O(1), the steady/equilibrium relation may sometimes not hold on the
fast components in it even after damping off of the terms with large relaxation rates. In these cases T° for
the fast components in that elementary system is larger than O(1) (nearly of O(l/€), cf. appendix B).
However, when the time is near O(1/¢), the concentration of fast component X ; belonging to U, (or U,)
becomes much larger (by a factor 1/¢) than at the time of O(1) and the steady /equilibrium relation comes
to hold, although the absolute value of dx /ds may be as large as that at the time of O(1). This is shown in
appendix A and B.

The concept of ‘open’ and ‘closed’ groups is important. It was shown that the open and closed groups of
the fast components correspond, respectively, to the case when the determinant of the submatrix M, in the
irreducible form of the matrix Q,,,, is of O(1) and when it is of O(¢) or less. When |M |~ O(l), the
steady/equilibrium value of the fast components in the open group G corresponding to M, is given by the
concentration of the components not belonging to G. While, when |M,| < O(e), the rate equanons for the
components in the closed group C corresponding to A, are not mdependent of each other and the
components are in quasi equilibrium with each other after 7° only within the group.

Appendix A
‘We prove here the following two theorems.

Al. Theorem I

There is an appropriate period 7, which satisfies 7},;, < O(e~%) (A=0, 1, 2,...) on each component xX;
(i=1,..., n). At t > T,, the following relation holds

")x, (A1)
Thus, the steady/equilibrium relation (eq. 17) holds on every fast component at 1 = O(1 /).

A2, Theorem Il

At 1> T, (T, < O(1)), O(k,,x,) < O(x,)- Thus, at 1 > T (T, < O(1)), fast components in a group are of
the same order of magnitude.
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A3 Proof

(I) The rate equation for component X; is given as
d
qr i kst 2 kX, 2
=5
where X, are components reacting with X, k; is negative and —k;; < O(1) and &;; (i =) are positive. We
put

d
Exi_a:(t)xi (A3)

First, we prove that if the following equation (eq. A4) holds at z =¢, (> 0), there must be at least an
influx, k,,x,;, which is increasing (in the case where x; is increasing) or decreasing (in the case where x; is

iy
decreasing) more rapidly than x; following eq. A6 for some period around 7, (> ¢,), in order that eq. A4

becomes invalid and eq. A5 comes to hold at ¢, (> r,) for the reason as follows.

laj<0O(e") (h=0,1,2,..0) (Ad)
la,| > O(e) (A5)

d
= a (t)x,, la|> O(e*)

(for some period around £, ( > 1,)) (A6)
We assume that: (1) eq. A4 holds at ¢,; (2) every X, which is reacting with X, is always increasing or
decreasing following eq. A7 at ¢ > ¢,.

%xl=aj(t)xl |al|_<_0(e") (r>1) (A7)

The function a,;(z) has maximum or minimum values or approaches a constant value at 7,,(> 7,) because x;
does not increase or decrease infinitely. This is because,

O(e?)=sx, <1 (p=0(1)) atr=0(1), (A8)

from the fundamental assumptions (i, iii and iv) given in the preceding paper [1]. In order to know their
values, we differentiate egs. A2 and A3,

a2 d d_ _d
dtzx,-—dtai-x,+a,ax,~—-‘—i—lai-xi+a,~ k;,x, + ‘(Zi)kijxj
JC=i

d d
=k,g; %t Z Kq: %
J(=1)

=k, a;x; + Z k,,a,x;. (A9)
J(=i)

The time derivative of a, is zero or nearly zero at ¢,,,. So by setting (d/d¢)a; =0 or =0 in eq. A9, we obtain
the maximum, minimum or their asymptotic values as,

=1 T ke B kyx,) <00, (A10)
J(=1i) (=)
This shows that at any time (> t,),

la,| < O(e™) (A1)
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Thus, eq. Al never becomes invalid at the time when eg A7 holds.
Next we prove that eq. A12 holds only for periods shorter than T(< O(e™")).

%x,=a,(l)-x,, a(t)>0(e") (A=...,—2,—1,0,1,2,...) (A12)

Putting the minimum value of 4,(z) as a,

x,>ax,. a>0(e") (A13)

= ax.
By integrating ¢q. A13, we obtain
x (1 +T)zx,(1;)e’” (Al14)

When 7, =0 and x, (0) = 0, we can replace them by 7, = O(1) and x,(z,) = O(eP) ( p < O(1)) (cf. eq. AB).
Eq. A14 shows that if 7= Oe™"), x, (1, + T') becomes infinite. This contradicts the fact that x, < 1.
Thus, it is concluded that T is less than O(e™ %) (i.e., for 1, <t < ¢, + T, eq. Al2 is valid).
Next, we prove that the following equation (eq. A15) also holds only for a duration less than O(e™").

d

5= —a)x, a,>0(e") (h=0,1,2,...) (A15)

We assume that at any time ¢ (1, <r <1, + T), eq. A15 holds. Putting the minimum value of a,(z) as a we
get

d

TN = —ax. a>0(e"). (A16)

Integrating the above we obtain,
X (+T)=x,(5)e”*T, x,(1;) =<1 (A17)

On the other hand, eq. A8 holds at 7 = O(1). Thus, T is less than O(e~ "), i.e., eq. A15 holds for a period
less than O(e™*).

Finally we prove that there is an appropriate time 7}, ( < O(e~")) for each X,, at which eq. A1 holds and
after which (¢ > T},) it never becomes invalid.

First we deal with the case where Xx, is increasing. We assumed that eq. A18 holds at z,.

x,=a,x, 0<a,<0() (h=0.1.2....). (A18)

T
In order that eq. A18 becomcs invalid at 1, (> ¢,), there must be at least one component X ; reacting with
X, and which increases fcr some period around ¢,, satisfying eq. A19.

%x,=alx,. al>0(s") (A19)
As shown before. eq. A19 continues to hold only for the duration T (< O(e™#)). So this came to hold at ¢,
(> (t; — T)). If eq. A19 is the equation continuing from s =0, r; < T < Oe~"). If not, then in order that eq.
A19 comes to hold at ¢, there must be a component X, reacting with X, and which satisfies eq. A20 at #;
(=t:—T=1t;,—2T).

%xr =da,x,. a,>0(") (A20)
In this way we obtain a series of components X;, X,, X ,,... which came to satisfy equations like eq.
Al9or A20 atr, (=1t,—(g— 1)T) (g=2, 3....). But this series cannot continue infinitely or form cycles.

because of the fundamental assumption (v) in ref. 1 (energy is not supplied) and we certainly arrive at an
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equation like eq. A19 or A20 which held at z = 0. This shows that ¢; < O(1)7 < O(e~”*). Thus, T}, exists and
must be less than O(e~"). At r > T,,,, eq. A18 never becomes invalid.

For the case where x; is decreasing, we can prove the above in a similar way.

(II) From theorem I we obtain,

=0 x, (g=iorj) atr>T,, (To, <O(1)) (A21)

B2
This means,

O(k,x;)<0O(x,) and O(k,x)=0(x).

at 1>Ty, (T, <O(1)) (A22)

because if O(k;;x;)> O(x;) then (d/d¢)x; > O(1) x;. When components X, and X, are connected by thick

arrows in both directions (i.e., O(k;;) = O(k;)= 1), we get,

O(x,)=0(x;) at 1>T,(T,<0O(1)) (A23)

Thus, from the definition of the group, all the fast components in a group are of the same order of
magnitude at z = O(1), and the total mass of the components in the group is also of the same order with
them because one group has not so many components.

Appendix B

We show here the necessary and sufficient conditions in order that 7° is of O(1) or less for the fast
components (A) in the closed group and (B) in the open group. 7° is the induction period required for
establishment of a quasi-steady state or quasi-equilibrium.

Bl. Closed group

The necessary and sufficient condition under which the induction period 7°, before the establishment of
a quasi equilibrium on the fast components in the closed group G, x4, .., X4, o, is of O(1) or less is that the
following relation (eq. B1) continues to hold at 1 > T” (7" < O(1)) on every fast component in G, X ;,,, and
its neighboring component, X,

Xger>kyop,x, (I=0,....g7i=1...., d—l,d+g+1...., n). (B1)

This is proved as follows. When the principle of fast equilibration holds on each component in G, the
steady/equilibrium relatio:. holds on them, i.e.,

d
l—d_rx"'” <[k yiraerXard=>xa0s {I1=0,.., g) (B2)
By summing the zbove we obtain,
d g E-4
E( ) x) =¥ (83)
=0 =0

The rate equation for the sum of the components in group G is given as,

2 () £ (£

i=1 \7=0
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b4 4
+ Z ( z kd+l.d+j)x‘l+j

j=0\i=0

n g
+ 2 ( kd+l..)-"i (B4)
0

r=dig+i\[~

The coefficients of x,, , (0 <j < g) in the right-hand side of the above rate equation are all negative or zero
and their absolute values are of O(¢) or less because they contain the diagonal elements of Q, k., 4. ,=

P t(=da+n K, 4+, and the rate constants of O(1) connecting between x,, ; (0 </ < g) are cancelled out by
summation. The coefficients of x, (i=1,...,d—1,d+ g+ 1,..., r) are all positive. If any one of k,,, ;x;

(I=0,...,g;i=1,....d—1,d+ g+ 1,..., n) is of the same order or larger than x_,,,, then

g
d
37 Z‘, X+
dl,_o

g
EE T W (B5)
{=0
The second relation in eq. B5 is proved in appendix A. The relation eq. B5, contradicts eq. B3. Thus, the eq.

B1 is necessary for the establishment of a quasi-equilibrium.
Differentiating eq. B4, the second derivative of the sum of group G is,

ar [ &£ d=1/ & 4
d’z( Z —"d+1) = Z Z)kd-o-l,:) d:

= d
( Z kd+l.d+;) E'td-i-]

-0
n 8 d
+ Z ( Z kd+l..)g;x. (B6)
t=d+g+1 \[=0
The necessary condition to maintain eq. B3 stable is the following relation (eq. B7),
a2 < =
'_:( Z -"d+l) = Z Xg+i- (B7)
ds=\ /-0 =0

From eq. B6 and the relation (d/dt)x,| < O()x, (k= 1,....n) at t = O(1) as shown in appendix A, eq. Bl
holds when eq. Bl holds.

To hold, the relation eq. B7, at 1 > T’ (T < O(1)) is sufficient for the establishment of quasi equilibrium
on the fast component in the closed group within the time of O(1) as shown below. When eq. B7 holds,
k4. ..x, is sufficiently smaller than |k ., 4. pXy, | (I7=0,..., g) in the rate equation of x,,, and can be
neglected. Thus, we obtain the rate equations,

b4
_:l_i;x-lu = /gokdw.du'xau' (I'=0..... g) (B8)
The solutions of the above are described by the sum of the exponential terms with large A, of O(1) and the
constant term, x,,,, (c0) and do no contain the terms with small A; of O(¢) or less. Thus, eq. B2 holds
within the time of O(1), because of the rapid damping off of the terms with large A,.

Using this necessary and sufficient condition, we obtained method iv in section 2.4 of ref. 1 and
determined the order of 7T° in the examples described in previous work [1].

B2. Open group

The necessary and sufficient condition in order that the induction period T° required for the
establishment of the steady/equilibrium relation on each component X, (/=0,..., g) in an open group
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G is of O(1) or less is that the following relation (eq. B9) continues to held at 1 > T’ (T" < O(1)) on every
component X; which does not belong to G but directly reacting with X,_,,
<O()xye; (j=1liooud—1,d+g+1,....n). {B9)

d
kd-&-l./ ;X,

When the steady/equilibrium relation holds stably on X ,,..., X, ., at :>T°,

=0(e)xyy (I=0,-...8) (B10)

d
Exd-(-l
and

dtzx.“-l

<O(€)xy4y- (311)

Introducing eqs. B10 and Bl11 into eq. B6 and using 2}, k., 4. ;] < O(1), we obtain
g

d
2 ( kd+1.,)'d_lx.
i=1 d—=1:\I=0

g
£0(e) X x40y (B12)
=0

Each x,, , is of the same order as 2%_; x,., at > T° from theorem Il in appendix A. The left-hand side of
eq. B12 may contain both the terms

1

d
kd+l..a—": =0(1) Z X+t (B13)
I~0
and
2
d
kd-o»l.jax/ = —0(1) Z Xa+t (B14)
I=0

and eq. B12 may hold due to cancelling out between both terms. In this case, from the relation
(d/dr)x, = —O(1) x, and theorem II in appendix A, the component X , on which eq. B14 holds satisfies
d
Fraii —0(1)x,, (B15)

and the order of magnitude of x, decreases within the time of O(1). Thus, the relation

3
d
kda—l,,?"xlsk«u»l.,xlso(‘) Z Xga1 (B16)
1=0

holds within the time of O(1). At that time, the component X, does not satisfy eq. B13 because eq. B12
holds. Therefore, eq. B9 holds on every component neighboring the open group; i.e., eq. B9 is necessary for
egs. B10 and BI11.

To hold the relation, eq. B9, continuously for 1 > 77 (77 < O(1}) is sufficient in order that T° is of O(1)
or less. This is shown as follows. If the following relation, eq. B17 holds at 7, (< O(1)), eq. B18 also holds
within the time of O(1) because if eq. B18 does not hold, theorem II in appendix A does not hold.

df & il
E(lzo—td+l) = io(]) z Xg+s (317)
- -0

g

d
dr e+ = +0O(1) Z Xger (I=0,..., g) (B18)
1=0
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Thus we obtain eq. B19 by introducing egs. B9 and B18 into eq. B6,

i-*( Z xda—l) =FO(1) Y x4uy= —0(1)%( E xd+,) (B19)
1=0 -0

dr=\ ;Do

because at least one of the coefficients (Xf_q k.., 4.+,) is negative and its absolute value is of O(1) as G is
an open group. Thus,

df < )
= Z Xag+1
dr (,=o

holds after a short period (< O(1)). It is stable because from egs. B6, B9 and the above we obtain the
following relation (eq. B21),

()

Making use of the condition, eq. B9, we obtained method iii of section 2.2 in ref. 1 and determined 7° in
the examples given in the preceding paper [1].

B
<0(e) X xups (B20)
=0

d2
dr?

&
£0(€) 2 Xausr (B21)
=0

Appendix C
Cl. Apparent rate constants of the reduced scheme when an open group was eliminated

In this appendix. g + 1 fast components belonging to an open group G are denoted by X,..... X, .
The rate equations on the components in G and those on the components directly reacting with the
components in G are given as.

d
55 =M.+ D,x, (€1)

d
e =Dux, + D, x 4D, x,

dr (C2)

where x,. x, and x, are the vectors whose elements are molar fractions of g+ | fast components in G,
those of u components not belonging to G but directly reacting with the components in G and those of the
rest of the components in the system respectively; i.e.,

Xewd

x, =1 - .ox, =1 < . (C3)

Ndvg Keru

and M. D_,. D, and D, are the matrices consisting of appropriate rate constants, k,,- After an induction
period 7 the rate equat.on (eq. C1) can be set to be zero to a good approximation. Since |M,| = O(1), x_ is
given as,

x, =-M"'D x, (C4)

By introducing the above into eq. C2. we obtain,
x,=(D,,~ D, M 'D,)x,+ D, x. (C5)
This is the rate equation of the partially simplified scheme obtained by eliminating the fast components in

the open group G. The matrix — D, M 'D_ gives the apparent rate constants of the reaction through

tee

climinated fast components in G in the reduced scheme.
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C2. The mass distribution at T° (T° = O(1)) in the case when mass of O(1) exists in an open group G at t = 0

Next we discuss the mass distribution at the end of the induction period T°, when initial concentrations
of some fast components in an open group G are of O(1) and those in the upper groups of G are of C(¢) or
less. This gives the initial condition of the reaction in the reduced scheme after elimination of the fast
components in G. The rapid change of the fast components in G is expressed by neglecting terms of O(e¢)
or less at 0 <z < 7T° in the rate equation, eq. Cl, as,

Ex‘. = Mcxc

or,

d
=M ' —x_ 4
x. =M a5 (C4)

Integrating above from ¢ =0 to 7z = T° and taking into account that every x,,, (T°) is of O(e) or less, we
have,

‘/L;T“xcdt= — M- 'x_(0). (C3)

The mass flow to the component X, ; (i = 1,..., ) neighboring G, through X, daring the period from
t="0to 7°, is given as,
7o
kv+:.d+lf X g4 qd? (Ce)
o

where, k. ; 4.,15 of O(1).
When X, , ; is a slow component, the mass transferred to X, ; is all approximately reserved on X, ; at
t=T°(7T°=0(1)) and x_,, (T°) is obtained as,

g
o
Xe4, (T°) = Z kv+:.d+lj;’ Xg4rde

-0
3 &
= - Z Kesrast Z €r Xy (0) (€7)
=0 -0

where ¢, ;. is the (/+ 1,v + 1) element of M.

When X, is a fast component belonging to a closed group C, the mass transterred to X, ., distributes
in C and attains quasi equilibrium within the time cf O(1).

When X, , is a fast component belonging to an open group F, the mass transferred to it is transferred
to the components to which thick arrows is directed from the components belonging to F, within the time
of O(1) and the abov: procedure is repeated again.

Note: Appendices A, B and C are cited in ref. 1 as appendices I, II and III, respectively.
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